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ABSTRACT 
A topology optimized rigid triangular FE macro-model with non-linear homogenized interfaces for 
the pushover analysis of in plane loaded masonry is presented. The shape of the mesh and the posi-
tion of the interfaces is evaluated through a topology optimization approach that detects the main 
compressive stress fluxes in the structure. Different values of the horizontal action are considered to 
derive an adaptive mesh or an optimal discretization that is suitable for multiple loads. Masonry 
properties are calibrated by means of a homogenization approach in the non-linear range. To tackle 
elastic and inelastic deformations, interfaces are assumed to behave as elasto-plastic with softening 
in both tension and compression, with orthotropic behavior. The two-step procedure competes fa-
vorably with classic equivalent frame approaches because it does not require a-priori assumptions 
on the mesh and on the length of the rigid offsets. An example of technical relevance is discussed, 
relying into a multi-story masonry wall loaded up to failure. 
1 INTRODUCTION 
Unreinforced masonry is a popular construction technique for existing residential buildings in 
the European Alps and Mediterranean countries. For many of them where the seismicity ranges 
from moderate to high (such as Italy, Slovenia, Greece, Turkey), the seismic assessment of existing 
masonry is a task of key societal importance. The seismic performance of existing buildings is usu-
ally evaluated, in agreement with national codes, through pushover analyses, which allow approxi-
mating the ultimate lateral force distribution and displacement capacity of the building, assuming a 
suitable non linear material behavior, possibly with softening. The most diffused way to deal with 
pushover in practical design is the so called utilization of the equivalent frame approach, see for in-
stance Addessi et al. (2015), Milani et al. (2009), Belmouden and Lestuzzi (2009), Pasticier et al. 
(2008), Salonikios et Al. (2003), just to cite a small sample of the existing literature. Similar ap-
proaches are based on the so-called utilization of macro-elements, see e.g. Rinaldin et al. (2016) or 
Chen et al. (2008), as for instance the successful TREMURI approach by Lagomarsino (Lagomar-
sino et al. 2013). The declared attempt is the need to simplify the complexity of the two/three di-
mensional model in order to be able to provide pushover curves reasonably predictive of the real 
behavior of the structure under increased horizontal loads, see e.g. Magenes and Della Fontana 
(1998) and Galasco et al. (2004). As far as the equivalent frame is concerned (but similar remarks 
could be repeated also for macro-elements), the major advantage stands in the utilization of a beam 
assemblage model to deal with the global behavior of a masonry wall/building, which is intrinsical-
ly two/three-dimensional, with the undoubtable simplification to lump all the inelasticity, including 
softening, on concentrated hinges. Such approach is quite successful, because it needs only users 
familiar with incremental procedures applied on frames, a skill normally achieved in undergraduate 
r.c. courses in engineering faculties. However, most of the scientific community does not consider 
the reduction of masonry walls to an assemblage of beams and rigid offsets an affordable way to 
describe the inelastic behavior of masonry under static loads. Also, it is well known that the reduc-
tion to an equivalent frame is not always univocal. Commercial codes sometimes do not allow the 
users to conceive their own frames, furthermore they require many inelastic and algorithm parame-
ters that may turn out to provide quite different global pushover curves, see for instance Marques 
and Lourenço (2011) or Clementi et al. (2016). An open issue remains also the introduction of rigid 
offsets on all those regions being the intersection of spandrels and piers, and how such offsets may 
affect the global behavior. Finally, to deal with irregularities (quite common on existing buildings) 
is not always an easy task and several simplifications of the real geometry are needed.  
On the other hand, the analysis by means of 2D/3D FEM discretization with materials exhibiting 
softening and orthotropic behavior (typical of masonry arranged in regular textures both in the elas-
tic and inelastic range) may still require both prohibitive computational efforts in several cases of 
technical relevance (and hence powerful workstations) and a strong background on masonry model-
ling by the user, two conditions rarely satisfied together. For the reasons mentioned above, this lat-
ter approach still cannot be proposed in conventional design. 
In order to circumvent the limitations of the equivalent frame and get all the advantages of a full 
2D advanced modelling, without bringing together all the aforementioned disadvantages, here a 
new simple two-step procedure basing on topology optimization and homogenization is proposed 
for a fast and reliable 2D pushover analysis of full scale masonry walls. 
The approach is indeed a two-step model which bases on a preliminary topology optimization 
performed on a quasi no-tension material and the subsequent discretization with rigid triangular el-
ements and non-linear homogenized interfaces suitable for a fast in-plane pushover analysis of ma-
sonry walls. 
The topology optimization (step one), see e.g. Bendsøe (1989) to Zhou & Rozvany (1991), al-
lows for a precise identification, under a given distribution of vertical (assumed fixed) and horizon-
tal (a fraction of the vertical ones) loads of optimal load paths (compressed struts) dependent on the 
amount of lateral loads applied. This would suggest the adoption of an adaptive strategy to derive 
an appropriate mesh for each one of the load steps considered in the pushover analysis. Alternative-
ly, one could use an optimization approach for multiple loads that derives a single mesh that is suit-
able for all the considered load cases. 
Standard post-processing techniques allow deriving for each topology path contour plots of the 
optimal struts, whose axes can be used to generate automatically a triangular mesh with some of the 
element edges standing on the contour lines. 
Typically, the topology optimization is repeated on the same structure at different values of the 
horizontal loads, providing a sequence of compressed struts configurations, which evolve and in-
cline (to properly withstand the application of the forces) progressively increasing the amount of 
horizontal loads applied.  
At a structural level, the analyses (step 2) are performed by means of a FE discretization made 
by rigid triangular elements and softening interfaces. Within a discretization made by rigid elements 
and interfaces where all dissipation is concentrated, the shape and position of the elements are cru-
cial for a correct evaluation of failure mechanisms, ductility and load carrying capacity, see Milani 
(2011), Milani & Tralli (2011, 2012). The idea is therefore that the position of the elements is eval-
uated step by step through a topology optimization, able to quickly generate compression-only load 
paths in the masonry structure to be analyzed, Bruggi & Duysinx (2013). The compressed struts 
implicitly capture the edges and the shapes of the triangles to be used at a structural level. Having 
the aim of tackling elastic and inelastic strains, interfaces among adjoining triangles are assumed to 
behave elasto-plastically with softening in both tension and compression, with peak tensile strength 
almost zero. The mesh used smoothly evolves from one configuration to the successive, driven by 
topology optimization outcome in agreement with the amount of the horizontal load applied and 
corresponding result obtained in step 1. Such evolutionary mesh adjustment is always possible 
simply moving nodes of some elements from the previous to the successive configuration applying 
a weighed linear interpolation. 
The proposed procedure competes favorably with classic equivalent frame approaches, since it 
does not require any a-priori assumption on the mesh or on the length of the rigid offsets. In fact, 
cross regions do not exist in the implemented approach and the procedure is native two-
dimensional. Furthermore, excellent stability of the algorithm is experienced. A relevant example is 
discussed in the sequel to benchmark the approach on a large scale wall with a variety of existing 
numerical results available from the literature (Milani et al. 2009), with promising comparisons 
with results obtained via different equivalent frame procedures. 
2 A TWO-STEP METHOD 
In the present Section, the two-step procedure adopted to analysis under increasing static loads 
large scale 2D masonry walls is discussed, starting from the topology optimization of quasi no-
tension materials (step 1) and ending with the homogenized pushover analysis at a global scale 
(step 2). The interfacing procedure between step 1 and step 2 is also discussed and properly com-
mented. 
As detailed below, step 1 is implemented distributing a limited amount of linear elastic material 
whose negligible strength in tension is enforced through a suitable set of stress constraints. This ap-
proach, based on linear elasticity, is particularly efficient in deriving equilibrated strut-only struc-
tures. These minimum energy no-tension solutions can be seen as optimal load paths for walls 
whose strength in tension can be neglected, see also Bruggi (2016). This prevailing source of non-
linearity is therefore fully taken into account in this step. Step 2 consists of a more accurate formu-
lation that handles elasto-plastic interfaces with softening in both tension and compression, with 
peak tensile strength almost zero. This provides a suitable insight in the non-linear behavior of the 
structure, especially when investigating the wall at incipient collapse. 
2.1 Step 1: The topology optimization problem 
Topology optimization is an established mathematical tool that allows distributing a prescribed 
amount of isotropic material such that the so-called structural compliance is minimized, i.e. the 
work of the external forces at equilibrium, see the original formulation by Bendsøe (1989).  
Truss-like structures arise as a result of the optimization as the stiffest way to carry the load. 
Minimizing the structural compliance simply means minimizing the overall elastic strain energy.  
Indeed, topology optimization can be adopted to select minimum energy load paths that can be 
seen as optimal Strut-and-Tie Models (STMs), see among the others Liang et al. (2000) and Kwak 
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Technical codes suggest the adoption of any optimization strategy that implements the elastic 
strain energy as objective function to deploy optimal STMs. This formulation is herein recalled for 
completeness sake. A minimization problem is formulated that reads: 
In Eqn. (1), the objective function is the structural compliance T eC = F U , whereas Eqn. (1.2) en-
forces the discrete equilibrium within the usual displacement-based framework. Four-node finite el-
ements are used in the simulations presented next. The stiffness matrix computed for the virgin ma-
terial 
0e
K is penalized by means of the term pex  (with 3p = ), according to the Solid Isotropic 
Material with Penalization (SIMP) see e.g. Zhou & Rozvany (1991). A lower bound min 0x ≥ is 
needed to avoid singularity of the discrete problem, being ex  the minimization unknown, i.e. the 
density of the material in the e -th finite element.  Eqn. (1.3) enforces the volume constraint, which 
is a percentage of the whole amount of material. The weight W is computed multiplying the ele-
ment density ex  for the volume eV  over the N elements of the mesh, whereas 0W  denotes the vol-
ume of the design domain.  
Eqn. (1) distributes a limited amount of material in order to minimize the overall strain energy of 
the design domain. This provides equilibrated truss-like structures that can be seen as optimal load 
paths. 
The conventional formulation presented above does not account for any strength requirement 
addressing the collapse of the structure. Also, it can handle only one load case. Failure constraints 
should be added to tackle the former issue, whereas an extension to multiple load cases should be 
provided to overcome the latter. 
An ad hoc problem, i.e. a suitable minimum compliance formulation with weight and stress con-
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Eqn. (2) is especially conceived to cope with 1L ≥ load cases. For the k -th load case, the load 
vector kF  is assembled and the equilibrium can be solved to compute the relevant element dis-
placements ,e kU , see Eqn. (2.2). 
The objective function is computed as the sum over the L  load cases of the values of the com-
pliance ,
T
k k e kC = F U . As before, Eqn. (2.3) enforces the volume constraint, whereas Eqns. (2.4) in-
clude a set of local stress constraints. These enforcements adopt the equivalent Drucker–Prager 
stress measure to account for the unequal behavior in tension and compression of the masonry 
structure, see in particular Bruggi & Duysinx (2013). In Eqn. (2.4), 1,kJ  is the first stress invariant 
computed post-processing ,e kU , 2 ,D kJ  the second deviatoric invariant and ltσ  the strength limit in 
tension. The parameter lc lts σ σ= is the uniaxial asymmetry ratio of the stress limit in compression 
lcσ  to ltσ . 
It can be shown that the formulation in Eqn. (2), along with a suitable setup of the involved ma-
terial parameters, allows coping with the optimal design of truss-like structures made of unilateral 
material. This task is accomplished within a standard stress-based scheme. Adopting small values 
of the strength limit in tension ltσ in conjunction with very large values of the uniaxial asymmetry 
ratio, an optimal design made of struts only is expected to arise.  
Hence, Eqn. (2) distributes a limited amount of no-tension material in order to minimize the 
overall strain energy getting rid of any tensile member. This provides equilibrated truss-like struc-
tures that can be seen as compression-only optimal load paths. Adopting 1L = , a single load case in 
considered in the optimization. For 1L >  an optimal strut-only path is achieved that is well-suited 
to handle each one of the considered load cases.  
The multi-constrained problem arising in Eqn. (2) is solved through mathematical programming, 
see in particular Svanberg (1989).  
It is finally remarked that a robust modeling and optimization involving no-tension materials 
(not only strut-only models) can be alternatively achieved, for instance, adopting suitable energy-
based formulations that drop the Solid Isotropic Material with Penalization (SIMP) in favor of a 
suitable orthotropic material model. Further details can be found in Bruggi (2014, 2016). 
 
2.2 Step 2: Pushover analyses with triangular rigid elements and interfaces  
The FE model utilized at a structural level is based on a rigid triangular discretization interacting 
through non-linear interfaces, where shear and normal behavior are uncoupled for the sake of sim-
plicity. The displacement field is thus assumed, inside each element M , dependent on centroid in-
plane displacements ( Mxu  and 
M
yu , indicating horizontal and vertical displacement respectively) 




yu  and 
M
zΦ  are collected in 
the unknowns vector TMU =[ Mxu ; Myu ; 
M
zΦ ] for element M . 
Focusing on an edge e12Γ  of M  (centroid MG =[ Mx ; My ]), the displacement field of points be-
longing to the edge is expressed in global coordinates as: 
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(a)                                                        (b)                                                      (c) 
 
Figure 1: Triangular rigid element used for the FE non linear analyses. -a: global optimization unknowns per element. -
b: local frame of reference of 1-2 edge between contiguous elements M-N. -c: jump of displacements on 1-2 edge and 
non-linear idealized stress-strain behavior. 
 
Where 0x  and 0y  are global coordinates of a point 0P  on 
e
12Γ , 0xu  and 0yu  are the horizontal and 
vertical global displacement of point 0P  respectively. A local frame of reference for 
e
12Γ  is also 
needed, identified by unitary vectors es  and er , respectively parallel and perpendicular to the edge, 
with ( ) 1212 / PPPPs −−=e  and 3esr ×= ee . The transformation matrix from the global to the in-
terface local coordinate system is: 
[ ]
[ ]
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where •  indicates the internal product. When two contiguous elements M  and N  with com-
mon interface e12Γ  are considered, the jump of displacements at the common interface can be writ-
ten as: 
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where ru∆  and su∆  are the normal and tangential jump of displacement field on the interface re-
spectively. Due to the assumption of a rigid-infinitely resistant behavior for the triangular elements, 
elastic deformation and plastic dissipation occurs only along each interface I  between two adja-
cent triangles M  and N . Internal work inIW  stored in each interface I  can be written as follows: 
( ) ( ) ( ) ( )
0
ILin r s
I I IW N u T u dξ ξ ξ ξ ξ = ∆ + ∆ ∫  ( 6 ) 
 
where ( )ξIN  and ( )ξIT  are normal and tangential forces acting on interface I  at abscissa ξ  
(varying from 0 to the length of the interface IL ) respectively. To solve the non-linear incremental 
problem, here a consolidated numerical approach applied in a variety of problems involving mason-
ry elements and entire structures is adopted.  
As demonstrated in a general framework, the incremental solution of an elasto-plastic problem 
may be obtained by means of the following equivalent quadratic programming problem: 
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where ED  is the elastic stiffness matrix, Eε  is the elastic part of the strain vector of the element E , 
EN  is the shape function matrix of the used finite element, Eλ  is the plastic multiplier vector and 
EH  is the hardening matrix, which in this case is diagonal and with non-null very small values, 
with the aim of reproducing the elastic-perfectly plastic case through positive-defined matrices. 
Hypotheses at the base of Figure 1 and (4) are that elasto-plastic materials with associated flow rule 
are treated, the plasticity condition is piecewise-linearized with r linearly elastic-plastic interacting 
planes, unloading of yielded stress-points does not occur and that the continuum is discretized into 
constant strain and stress finite elements.  
Softening is dealt with in the model by means of a heuristic but very efficient numerical algo-
rithm, as widely discussed in Milani & Tralli (2011, 2012), where the reader is referred for further 
details. The core of the algorithm is a sequential quadratic programming procedure, where the uni-
axial stress-strain tangential and normal constitutive relationships of the interfaces are approximat-
ed by means of linear-piecewise constant functions. In this way, at each iteration during an incre-
ment of the load, the system may be regarded as elastic-perfectly plastic. In such a condition, 
quadratic programming problem (4) holds, whereas the ductility limit is a-posteriori checked by 
means of a simple bisection procedure. Once that one of the interfaces reaches one ductility limit, 
the successive increment is again characterized by interfaces behaving elasto-plastically, but for all 
those interfaces where a ductility limit has been previously reached, a reduced value of strength is 
used. Refinement of the linear-piecewise approximation may be increased ad-libitum, but a good 
balance between real behavior and numerical efficiently is obtained using approximations not ex-
ceeding 5-10 ductility limits per interface. 
It is finally remarked that the assumed rigid triangles can interpenetrate to allow deformations of 
the wall. Although this is questionable from a purely theoretical point of view, it can be accepted by 
considering that in practical applications interfaces are indeed interphases, i.e. they have a thickness 
that can accommodate the apparent interpenetration. 
2.3 Interface between Step 1 and Step 2: selection of the mesh and evolutionary strategy 
The interfacing procedure between step 1 and step 2 is fully automatic and handled in the present 
paper in a Matlab environment.  
As already pointed out, the topology optimization allows for a precise identification of optimal 
load paths, guaranteeing the equilibrium under the applied external loads with a material unable to 
withstand tensile stresses. For practical purposes, this condition translates in the identification of an 
assemblage of compressed struts, whose position and geometry turns out to be strongly dependent 
on the amount of lateral loads applied. Such dependence intuitively suggests also the adoption of an 
adaptive strategy to derive an appropriate mesh for each one of the load steps considered in the 
pushover analysis.  
At a structural level, the analyses (step 2) are performed by means of a FE mesh made by rigid 
triangular elements and softening interfaces. Within a discretization made by interfaces where all 
dissipation concentrates, the position of the elements is crucial for a correct evaluation of the non-
linear behavior of the structure and the compressed struts obtained in step 1 implicitly capture the 
edges and the shapes of the triangles to be used at a structural level.  
As schematically indicated in Figure 2, standard post-processing techniques allow deriving for 
each topology path a series of contour plots with the optimal struts, whose axes can be used to gen-
erate automatically a triangular mesh with some edges standing on the contour lines. Automatic 
mesh generation is handled by means of consolidated Delaunay triangulation routines already avail-
able in Matlab. 
Typically, the topology optimization is repeated on the same structure at different values of the 
horizontal loads, providing a sequence of compressed strut configurations, which evolve and incline 
(to properly withstand the application of the forces) progressively increasing the amount of horizon-
tal loads applied.  
The mesh used smoothly evolves from one configuration to the successive following the general 
scheme of Figure 3, driven by topology optimization outcome in agreement with the amount of the 
horizontal load applied and corresponding result obtained in step 1. Such evolutionary mesh ad-
justment is always possible simply moving nodes of some elements from the previous to the succes-
sive configuration, applying for the adaptation rule a simple weighed linear interpolation, where the 
weighting factor is ruled by the value of the horizontal load applied. 
It is worth noting that the procedure requires some attention, firstly because the new position of 
the nodes undergoing adaptation must belong to the new strut contour, but with coordinates that 
must be a-priori chosen by the user. Second because step by step it is necessary to re-calculate the 
jumps of displacement on all interfaces, being their orientation changed and being the state of stress 
and damage not a priori known. Again this is possible because rotations and centroid displacements 
of the elements are known at the previous step and hence, through Eq. ( 5 ) it is possible to estimate 
with a suitable post processing routine the jumps of displacement at the previous iteration, with var-
ied position of the nodes. 
Alternatively, the contour plots for all desired levels of horizontal loads that one wants to con-
sider in the structural analyses, can be superimposed without any mesh adaptation and a single De-
launay tessellation can be performed accounting for all the different positions of the struts. Howev-
er authors experienced that this last strategy may result in excessively refined discretization and 
irregular mesh density in all those zones where struts at different instants superimpose, needing 
more time to be performed and providing from practical purposes almost the same result.  
It is finally remarked that the above procedure does not include an ad hoc control of the aspect 
ratio of the rigid elements of the mesh (ratio of longest to the shortest side in a triangle). This im-
plies that interfaces with very different length can arise in the discretization, possibly affecting the 
accuracy of the achieved results. This issue can be easily solved refining the elements exhibiting 
high aspect ratios. The preliminary version of the algorithm used to perform the simulations pre-
sented next does not include this numerical recipe. It will be implemented to perform further inves-
tigations and provide a range of critical values of the aspect ratio that should not be overcome to 













Figure 2: –a: typical result of the topology optimization for multiple loads, compression-only material model –b: edges 
of the optimal struts recovered from the topology optimization result –c: very coarse FE triangular grid derived from 
the optimal load path. 
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Figure 3: typical mesh adaptation at a structural level in order to smoothly follow the evolution of the compressed struts 
increasing the horizontal load. 
3 A NUMERICAL BENCHMARK INVESTIGATION  
In order to assess the novel two-step approach proposed, a three-storey masonry wall with three 
bays, see Figure 4, is analyzed in detail. The same benchmark has been already analyzed by Milani 
et al. (2009) with a variety of different approaches, including equivalent frames. 
 
 
Figure 4: Geometry (all dimensions in cm) and resulting equivalent frame model used in equivalent frame analyses for 
the considered masonry wall 
 
Comparisons with respect to both standard equivalent frame pushover analyses and computa-
tionally expensive nonlinear 2D heterogeneous numerical models are therefore already at disposal.  
The geometry of the structure is common for masonry buildings in the area of European Alps. 
All piers are 3 m long with 1.5 m in between. A clear storey height of 2.4 m is considered. At each 
floor level, vertical loads representing distributed dead and live loads are equal to 14.2 kN/m. For 
simplicity sake the self-weight of the masonry is supposed to act at the storey levels; the masonry 
density is assumed equal to γ=1080 kg/m3, which is again typical for hollow blocks.  
The wall was simulated in Milani et al. (2009) assuming at storey level a set of elastic beams 
with transversal 30x30 section to mimic a technical case-study that could represent ring beams or 
floors with tie rods embedded having axial strength equal to 35.7 kN. The interested reader is how-
ever referred to Milani el al. (2009) on technical details regarding this issue.  
Four different types of models and the corresponding results are at disposal to benchmark the 
present two-step model. They are the following:  
(i) Frame models: two equivalent frame models are used to compute the pushover curve of the 
investigated wall. The first is a non standard software with a peculiar behavior of the spandrels 
originally proposed by Milani et al. (2009). It is characterized by a determination of the ultimate 
load carrying capacity (both for shear and bending moment) of the spandrels through a FE hetero-
geneous limit analysis procedure performed on isolated elements, see also Milani et al. (2006). The 
behavior of the piers is assumed according to Italian Code recommendations.  
The second model is again an equivalent frame where ultimate strength of plastic hinges of both 
coupling beams and piers is determined according to the equations provided by the Italian Code. 
The capacity of a masonry spandrel with no tension member should not be considered in design, but 
if a tension member is introduced the ultimate bending moment and ultimate shear capacity of a 
single spandrel can be evaluated as follows: 
( )[ ]htfHhHM hdppu 85.0/12/ −=  
htfV vkou =  
(a) 
(b) ( 8 ) 
where t  is the masonry thickness, h  is the spandrel height, hdf  is the masonry design compres-
sive strength for loads parallel to the bed joints, vkof  is the design shear resistance of masonry in the 
absence of compression. pH  stands for the minimum value of 0.4 htf hd  and of the axial strength of 
the tension element (tie-rod, ring beam, etc.) that withstand tensile stresses generated by the in-
clined compressive strut in the spandrel. Here the presence of tie rods at a floor level with pre-
tension equal to 35.7kN is considered, so that spandrels can exhibit a certain ultimate carrying ca-
pacity, which is more realistic. The assumption is again made in agreement with the results present-
ed by Milani et al. (2009). 
(ii) Heterogeneous FE model: a computationally demanding heterogeneous FE 2D approach is 
also used to investigate the structure. Bricks are assumed elastic and modelled by means of quadri-
lateral elements. Mortar joints are reduced to interfaces with a Mohr-Coulomb failure surface. The 
geometry of the model is hence the same as for the limit analysis (Model (iii)). The analysis is a 
conventional non-linear approach. It provides a relatively detailed prediction of the actual behavior 
of the wall, but an extensive computational effort is required. The heterogeneous analyses where 
originally carried out in Atena software by Milani et al. (2009), but here are performed again using 
the non-commercial software proposed by Milani (2011). 
(iii) Limit analysis: a heterogeneous limit analysis of the entire wall is finally carried out to pre-
dict the ultimate load bearing capacity and the collapse mechanism. The methodology is that pre-
sented for the first time in Milani et al. (2006) and used in Milani et al. (2009). Through limit analy-
sis, only the ultimate capacity with the corresponding collapse mechanism of the system can be 
determined, meaning that a detailed pushover curve cannot be retrieved. An associated flow rule is 
assumed, meaning that frictional phenomena are accounted for in an approximate way. The benefit 
is that the estimation of the ultimate load bearing capacity occurs through linear programming, 
which proved excellent stability in most cases, along with reduced computational costs. 
In the pushover analyses, the models are loaded by a lateral force that is triangularly distributed 
over the height of the wall. The corresponding point loads are concentrated at the storey levels. For 
the equivalent frame model, a reduced Young’s modulus for masonry is adopted ( ME =2340 MPa) 
in order to account for: (a) masonry cracking at low levels of lateral load, and (b) deformability of 
the boundary zones (which cannot be modelled in an equivalent frame approach featuring rigid off-
sets). 
The discretization used for the structural computations can be conveniently derived from the 
load path achieved through the topology optimization approach presented in Section 2.1. Figure 5 
shows the optimal layouts (strut-only load paths) that are computed as a result of Eqn. (2), when en-
forcing the same volume fraction (35%) and adopting a single load approach ( 1L = ). Each simula-
tion includes the vertical forces and a different amount of horizontal forces, intended as a percent-
age of the vertical ones.  
 (a) (b)  
 (c)  (d)  
 (e)  (f)  
 (g)  (h)  
Figure 5: Result of the topology optimization, compression-only material model with vertical loads and horizontal loads 







Figure 6: Three FE discretizations used to perform the evolutionary mesh-pushover analyses. Mesh 1 is used from r=0 to 
0.10. A combination of Mesh 1 and 2 from 0.10 to 0.25. A combination of Mesh 2 and 3 from 0.25 to the end of the simu-
lations (r ratio between horizontal and vertical loads) 
 
In all the pictures black regions stand for material regions, whereas white ones mean void zones. 
As one may easily see, the achieved optimal load path (black regions) depends on the amount of 
lateral loads. This would suggest the adoption of an adaptive strategy to derive an appropriate mesh 
for each one of the load steps considered in the pushover analysis. To speed up the computation, 
Eqn. (2) can be conveniently implemented in its general form for multiple loads, considering 8L =  
in order to include the different load conditions that were separately considered in Figure 5. This is 
to achieve a strut-only layout that minimizes the sum of the relevant strain energies, with the aim of 
finding a load path that is appropriate for each one of the considered load steps. The achieved opti-
mal topology is depicted in  Figure 2. 
Standard post-processing techniques allow deriving contour plots of the optimal struts, whose axes 
can be used to generate the triangular mesh for the pushover analysis. Figure 6 shows the optimal 
discretizations achieved processing some of the optimal layouts found in Figure 5: Mesh 1 is ob-
tained with a horizontal load equal to 0.1 of the gravity loads, Mesh 2 with 0.25 and Mesh 3 with 
0.35. Assuming as r the ratio between horizontal and vertical loads, Mesh 1 is therefore used in the 
structural analyses for r ranging between 0 and 0.1, a combination of Mesh 1 and 2 for r between 
0.10 to 0.25 and a combination of Mesh 2 and 3 for r between 0.25 and the end of the simulations. 
 
Table 1. Properties assumed for the interfaces allowing for failure along mortar joints and within bricks (a) and elastic 
properties assumed for the masonry (b-c). tf  Tensile strength, cf  Compressive strength, Φ  Friction angle, 2Φ  
Shape of the linearized compressive capacity, c Cohesion 
 
tf  [MPa] cf  [MPa] Φ  2Φ  c [MPa] 
Mortar reduced to interfaces 0.06 8 37° 80° 1.4 tf  
Brick-brick interfaces   45°  2.0 
Masonry elastic modulus Em [MPa]  5770 (*) Note: homogenized values 
Masonry Shear modulus Gm [MPa] 2140 
Mode 1 mortar fracture energy GI [N/mm] 0.0005  
Mode 2 mortar fracture energy GII [N/mm] 0.0004 
 
Mechanical properties used in the computations of the two-step model are reported in Table 1. A 
homogenization approach already presented in Milani (2011) is used to evaluate stress-strain be-
havior of the interfaces at a structural level at different orientation of the interface with respect to 
the horizontal direction. Such stress-strain curves (horizontal and vertical direction and shear) and 
the linear piecewise constant approximations used for the computations are represented in Figure 7. 



























































































Figure 7: Homogenized stress-strain behaviour for the structural level and linear-piecewise constant approximation 
used in the FE computations. 
 
The global base shear-displacement of the control node (assumed in the middle of the last storey 
level) obtained with the previously presented approaches are provided in Figure 8. Five curves are 
represented, corresponding to pushover global behaviors provided by frame models (i) (two 
curves), full 2D heterogeneous approach (model (ii), one curve) and present procedure (two 
curves), plus a collapse load provided by limit analysis model (iii). 
The present approach has been applied both by means of the adaptive scheme with meshes re-
ported in Figure 6 and with the coarse FE discretization achieved from the optimal solution for mul-
tiple loads shown in Figure 2. 
As can be pointed out, the agreement between the heterogeneous FE model, which reasonably 
represents the reference solution, and the present approach is strong. It is more satisfactory than 
those obtained with equivalent frame models, meaning that a comparable computational cost pro-
vides results that are more close to a realistic behavior. Only the coarse mesh (which is not adap-
tive), results stiffer in the initial elastic range, a well-known drawback of coarse meshes with rigid 
elements and tends to concentrate softening in an unrealistic manner, again due to the insufficient 
number of interfaces used. In any case the outcome seems better than those provided by the equiva-
lent frames. 
Deformed modes at collapse are depicted in Figure 9 for the sake of completeness, as obtained 
with the aforementioned different numerical models.  
In addition, it is interesting to highlight that capacities obtained with the frame models exhibit 
always a stiffer behavior, also because of the present of fictitious rigid links on cross areas, which 
obviously do not exist in 2D models. 
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Figure 8: Pushover curves for the different models considered in this paper. 
 
From an analysis of deformed shapes at collapse obtained with the different methods, it is interest-
ing to point out that all of them suggest the arising of failure mechanisms that are characterized by 
bending failure of the three base piers and shear failure of all spandrels (see indication of the plastic 
hinges reported in the equivalent frame model in Figure 9). Only the coarse mesh of subfigure (e) 
seems not perfectly able to develop in the inelastic phase a rocking of the ground floor left pier, 
probably because of the insufficient refinement of the mesh used. It is therefore recommended for 
practical purposes, whilst the global pushover curves is still realistic in this benchmark, to utilize 
medium refinements of the discretizations adopted. As expected, the heterogeneous finite element 
analysis provides further insight on the arising failure mechanisms, see e.g. the inclined fractures 
from the top left corner of the doors to the bottom floor in subfigure (d), but paying a much higher 
computational cost. 








Figure 9: Deformed shape at collapse via different approaches. (a)-(c): adaptive present two-step meth-
od, Mesh 1-3. (d): heterogeneous FE model. (e) not adaptive present two-step method, coarse mesh. (f) 
equivalent frame model (red circles: in-plane bending moment failure, black crosses: shear failure). 
 
4 CONCLUSIONS AND PERSPECTIVES 
 
A two-step approach has been discussed to address the pushover analysis of in-plane loaded ma-
sonry walls. A suitable problem of topology optimization for compression-only truss-like structures 
has been formulated to find a no-tension load path for the masonry structure acted upon by seismic 
forces. Different values of the horizontal action have been considered to derive an adaptive mesh or 
an optimal discretization that is suitable for multiple loads. Rigid triangular elements have been 
used whose interfaces are assumed to behave as elasto-plastic with softening in both tension and 
compression (with peak tensile strength almost vanishing). Finally, the pushover analysis has been 
performed on the improved discretizations. 
The two-step procedure does not call for any a-priori assumption on the location of the triangular 
elements and on the length of the rigid offsets. No rigid connection is required by the proposed 
method.  
A preliminary investigation has been introduced in this work on a well-known benchmark with 
low complexity, showing good performance of the proposed algorithm. 
The proposed approach is ideally suited to cope with structures of any shape and geometry. The 
topology optimization approach can be easily applied to more complex buildings, thus allowing for 
the adoption of accurate pushover analysis on historic constructions. 
Indeed, simulations regarding panels framed in the three-dimensional space will be addressed in 
the next future. Also, the adoption of the adaptive strategy will be modified in order to make it fully 
independent from user’s choices.  
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